In this paper, we propose a compact representation of logic functions using Multi-valued Decision Diagrams (MDDs) 
Introduction
Embedded systems are widely used in vehicle control, consumer electronics, personal digital assistance (PDA), cellular phone and so on. These systems have a restriction on the memory size because of the need to reduce their cost, power consumption, and weight. Therefore, compact representations that allow high-speed function evaluation are important.
Reduced Ordered Binary Decision Diagrams (ROBDDs) [6] have been widely used to represent logic functions. In this paper, we propose representations of logic functions using Multi-valued Decision Diagrams (MDDs) that are called heterogeneous MDDs. Heterogeneous MDDs can represent logic functions with smaller memory size and shorter path length [18] than ROBDDs. Free Binary Decision Diagrams (FBDDs) [7, 8] can compactly represent logic functions. Our experimental results show that heterogeneous MDDs require memory size comparable to FBDDs, and can be minimized in shorter time.
The rest of the paper is organized as follows. Section 2 defines heterogeneous MDDs and a method to represent multiple-output functions. Section 3 considers the memory size for heterogeneous MDDs. Section 4 proposes an algorithm that minimizes memory size. And, Section 5 compares sizes of heterogeneous MDDs for many benchmark functions.
Proofs of theorems are available in http://www.lsicad.com/Hetero-MDD/.
Definitions
This section defines heterogeneous MDDs, and shows a method to represent multiple-output functions. 
Representation of Logic Functions

Heterogeneous MDD
We assume that readers are familiar with BDDs, Reduced Ordered Binary Decision Diagrams (ROBDDs) [6] , MDDs, and Reduced Ordered Multi-valued Decision Diagrams (ROMDDs) [11] . 
Representations of Multiple-Output Functions
Logic networks usually have many outputs. In most cases, independent representation of each output is inefficient. Let the multiple-output functions be
½ ¼ , and Ò and Ñ denote the number of input and output variables, respectively. Several methods exist to represent multipleoutput functions by using BDDs [15, 19, 20, 21] . In this paper, we use a Shared Binary Decision Diagram (SBDD) [19] to represent multiple-output functions. In the following, a BDD means a SBDD unless stated otherwise. Therefore, when the order of the input variables is fixed, the number of different heterogeneous MDDs to consider is ¾ Ò ½ . From these heterogeneous MDDs, we can find an optimal heterogeneous MDDs based on some criteria. In [18] , we considered the average path length (APL) for heterogeneous MDDs. This section shows the memory size for heterogeneous MDDs. In memory, a node in a Reduced Ordered Decision Diagram (RODD) requires an index and a set of pointers that refers the succeeding nodes. Since a node in a BDD has two pointers, the memory size needed to represent a BDD is given by´¾
Memory Size for Heterogeneous MDDs
where we assume that the size of a word is large enough to store a pointer to a node. Since a node in an MDD( ) has ¾ pointers, the memory size needed to represent an MDD( ) is given by´¾
As for a heterogeneous MDD, the memory size needed to represent it is given by Fig. 2.1(a), ½ ; for the MDD(¾) in Fig. 2.1(b), ½ ; for the heterogeneous MDD in Fig. 2.2(a), ½¾; and for the heterogeneous MDD in Fig. 2.2(b In this section, we formulate a minimization problem of heterogeneous MDDs, and present a minimization algorithm.
When the order of the input variables is fixed, the memory size needed to represent a heterogeneous MDD depends on the partition of the input variables . Therefore, we will find the partition of that makes the required memory minimum. Fig. 2.2(a) shows the heterogeneous MDD with the minimum memory for the function , while Fig. 2.2(b) 
Example 4.1
And, the 10th line uses upper bounds. In this part, Theorem 3.1 and Theorem 3.4 are used. The in the 9th line denotes the index of corresponding super variable .
The time complexity for Algorithm 4.1 is Ç´Ò ¾ µ. However, in many cases, the CPU time is proportional to Ò. The space complexity for Algorithm 4.1 is Ç´Òµ. Table 5 .1 compares the memory size needed for minimum heterogeneous MDDs with that for FBDDs. The numbers of nodes in OBDDs and FBDDs are taken from [23] and [7, 8] , respectively. In Table 5 .1, "MDD" denotes the minimum heterogeneous MDDs generated from OBDDs in [23] . Note that these DDs use complemented edges. The memory size needed for OBDDs and FBDDs are calculated using the formula (3.1). The column "Time" in Table 5 .1 denotes the CPU time to obtain the optimum partition. We used the following environment: Table 5 .1, the bottom row "Average of ratios" denotes the arithmetic average of the relative memory size, where the memory size needed for OBDD is set to ½ ¼¼. These results show that heterogeneous MDDs require comparable memory size to the FBDDs. And, Algorithm 4.1 obtains optimum solutions in a short computation time. 3, 4, 5) . Note that no complemented edges are used in these DDs. To obtain an average, 238 benchmark functions are used. In Table 5 .2, "MDD" denotes the minimum heterogeneous MDDs obtained by Algorithm 4.1. The column "Size" shows the arithmetic averages of the relative memory size needed for each DD, where the memory size needed for a BDD is set to ½ ¼¼. And, the column "APL" shows the arithmetic averages of the relative average path length. We use the method in [22] to calculate the APL. For minimum heterogeneous MDDs, the memory size is ± of that for BDDs. Specifically, the memory size needed for the minimum heterogeneous MDD for ex1010 is ± of the memory size needed for the BDD. Also, the APL for the minimum heterogeneous MDDs is ± of that for the BDDs.
Experimental Results
Comparison with FBDDs
Comparison with BDDs and MDD( )s
For MDD( ), we have to increase the memory size to reduce the APL, but in heterogeneous MDDs, we can reduce both the memory size and APL.
Conclusion and Comments
In this paper, we have proposed a new representation of logic functions using Multi-valued Decision Diagrams (MDDs) that is called heterogeneous MDDs. We presented the minimization algorithm for the memory size. Our experimental results with many benchmark functions show that: 1) Heterogeneous MDDs require ± of the memory size needed for the BDDs, and have ± of the average path length in the BDDs; 2) Heterogeneous MDDs require comparable memory size to Free Binary Decision Diagrams (FBDDs); 3) The computation time to obtain the minimum heterogeneous MDDs is short.
It is important to note that heterogeneous MDDs represent logic functions with small memory size without changing the variable order. Also, an optimum heterogeneous MDD can be found relatively easily.
In this paper, the variable order is fixed. To obtain the optimum heterogeneous MDDs considering both partitioning and ordering of the input variables. we need to improve the algorithms and heuristics.
